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THE APPLICATION OF THE HYDRAULIC ANALOGIES 
TO PROBLEMS OF TtfO-DIMJSIONAL COMPRESSIBLE GAS FLOW 
SUMMARY 
A water channel, with a glass bottom, four feet wide and twenty-
feet long, was designed and constructed for the purpose of investigating 
the application of the hydraulic analogy to problems of two-dimensional 
compressible flow, 
Two supersonic airfoil profiles were tested at various speeds. 
The speed range covered by analogy was from M * #75 to M »•6,0. Pictures 
were taken of the wave formations set up by each airfoil model. Pictures 
were also taken of the local water depth distribution about the models. 
From a study of the flow photographs, and by applying the hydraulic analogy, 
an analysis was made of the local conditions about the models. 
INTRODUCTION 
There is an analogy between water flow with a free surface, and 
two-dimensional compressible gas flow. The analogy may be used for the 
investigation of aerodynamic problems in high speed compressible gas flow. 
Vtfhere no supersonic or high speed wind tunnels are available, the applica-
tion of the hydraulic analogy is particularly useful for the study of com-
pressible gas flow problems. 
2 
Riabouchinsky f i r s t presented the mathematical "basis for the 
hydraulic analogy, and applied the analogy to the invest igat ion of 
2 
the flow in a Laval nozzle, Binnie and Hooker further investigated 
the applicat ion of the hydraulic analogy by obtaining surveys along 
the center of a channel with a const r ic t ion. Ent i rely sat isfactory 
agreement between compressible gas flow theory and the hydraulic anal-
3 
ogy was reached. Srnst Preiswerk, at the suggestion of Dr. J , 
Ackeret, conclusively proved that the methods of gas dynamics can be 
applied to water flow with a free surface. In 19^0 the National 
Advisory Committee for Aeronautics constructed a water channel for 
the invest igat ion of the hydraulic analogy to the flow through nozzles 
and about c i rcular cylinders a t subsonic ve loc i t i e s and extending into 
the supercr i t ica l veloci ty range. Reasonable sat isfactory agreement 
was found between the water flow and a i r flow about similar bodies, 
although i t was concluded from t h i s work that accurate quant i ta t ive 
Riabouchinsky, D., Mecanique des f lu ldes , Conrptes Rendus. t . 
195, No, 22, November 28, 1932, pp. 993-999. 
2 
Binnie, A.M., and S. G. Hooker, "The Plow Under Gravity of an 
Incompressible and Inviscid Fluid Through a Constriction in a Horizon-
t a l Channel", Proceedings of the Royal Society. Vol, 159 (London, 
England: 1937), pp". 592-608, " 
-^Preiswerk, Ernst . , "Application of the Methods of Gas Itynamics 
to Water Hows With Free Surface," 
Par t I . "Flows with No Energy Dissipat ion," NAOA TM. No. 93^, 
19^0. 
Part I I , "Flows with Momentum Discont inui t ies ." NACA TM. No.9?5. 
19^0. 
James Orlin, Norman J . Linder, and Jack G. B i t t e r ly , "Applica-
t ion of the Analogy Between Water Flow With a Free Surface and Two-
Dimensional Compressible Gas Flow." NACA TM. No. 1185, 19^?. 
3 
Results would require additional invest igat ions , "both theoret ical and ex-
perimental. North American Aviation Incorporated recognized the posslbil-« 
i t i e s of extending experimental compressibility research by means of the 
hydraulic analogy, and in 19̂ +6 constructed a water channel in which the 
water remained stat ionary and the tes t models moved through the water. I t 
was indicated by North American Aviation Incorporated that with accurate 
equipment, quant i ta t ive as well as qua l i t a t ive r e su l t s could "be expected 
from water channel experiments. 
The hydraulic analogy offers a convenient and inexpensive way of 
invest igat ing two-dimensional compressible gas flow of phenomena occurring 
in a i r a t speeds too high for visual observation. By means of the water 
channel, the two-dimensional flow in a i r at high Mach numbers can be sim-
ulated to low speeds, and the r e s u l t s may be easily photographed, 
The advantages of using the hydraulic analogy for inves t igat ing 
problems of high speed aerodynamics may be summarized as follows: 
(1) Cost i s low compared with wind-tunnel or free f l igh t t e s t s . 
(2) Visual observation of flow in the transonic region i s poss i -
ble since the t e s t model can pass through the sonic range with r e l a t i ve 
slowness and s t i l l avoid choking phenomena. 
(3) Various features of the flow such as shock wave formation, 
vor t i ces , and turbulence, may be observed and photographed. 
(^) High supersonic Mach numbers are simulated at speeds of a 
few feet per second. 
Bruman, J..E., "Application of the Water Channel Compressible Gas 
Analogy." (North American Aviation Incorporated Engineering Report. No. 
ttA-^'M-8, 19^7). ~ 
THEORY 
1 
The theory of the hyd rau l i c analogy a s g iven "by Pre iswerk w i l l be 
reviewed h e r e . 
The "basic assumptions made i n the mathematical development of t he 
h y d r a u l i c analogy a r e : 
(1) The flow i s i r r o t a t i o n a l . 
(2) The ve r t i ca l accelerat ions a t the free surface are negl igible 
compared to the acceleration of gravi ty . By th i s assumption the pressures 
a t any point in the f lu id depend on only the height of the free surface 
above that poin t . 
(3) The flow i s without viscous l o s s , and i s uniform along any ver-
t i c a l l i n e . 
Throughout the following discussion of the development of the hydrau-
l i c analogy the symbol dQ represents the t o t a l head (water depth for V = 0 ) , 
while the symbol d represents any water depth in the flow f i e l d . In the 
discussion of the compressible gas equations the symbols Ta o , and p 
represent values in the undisturbed gas, and T, P and p represent values 
in the disturbed flow f i e ld . Other symbols used are as follows: 
L is t of Symbols 
c Specific heat a t constant pressure 
"O 
cy Specific heat a t constant volume 
0 Adiabatic gas constant, r a t io of c to c of gas 
P v 
Preiswerk, Erns t . , "Application of the Methods of Gas Dynamics to 
Water Hows *fith Free Surface." 
Part I . "Plows With No Energy Dissipation," KACA TM Ho. 93^. 
19^0. 
5 
T Absolute temperature of gas 
^ Mass density of gas 
p Pressure of gas 
h Enthalpy or to t a l heat content 
q Dynamic pressure of gas 
(j* Surface tension of l iqu id 
P Pressure coefficient p>-p 
X Viscosity of l iquid 
a Speed of sound in gas 
a* Cr i t ica l veloci ty . (Velocity a t which M s i ) . 
V Velocity of flow 
d Water depth 
M Mach number, stream value unless otherwise indicated 
(V for gas; V for water) 
a gd 
g Acceleration of gravi ty 
P Compressibility factor 
x,y Rectangular coordinate axes 
u,v Components of velocity in x and y d i rec t ions , respectively 
$ Velocity potent ia l in two-dimensional flow 
\ Wave length of surface waves in f lu id 
U Velocity of propagation of surface waves in f luid 
R Reynolds number (L£?) 
{M. ) 
I 
u v Nondimensional velocity components in x and y d i rec t ions , respec t -
ively . (Reference veloci ty a*; in hydraulic jump a j , the c r i t i c a l 
veloci ty "before the jump, u" u, T v) 
a* a* 
Subscripts 
No subscript any value of variable 
o value at stagnation (V= 0) 
0 l o c a l va lue of v a r i a b l e ; va lue a t sur face of model, 
a t channel w a l l s , o r In f i e l d s of flow 
s va lue i n undis turbed streams 
max maximum va lue of v a r i a b l e 
x p a r t i a l d e r i v a t i v e wi th r e spec t to x 
i e (L*$£ ' $ -d£ 
y p a r t i a l d e r i v a t i v e with r e s p e c t to y 
1 Condit ions before the h y d r a u l i c jump 
2 Condi t ions a f t e r the h y d r a u l i c jump 
The development of the analogy between the flow of water wi th 
a f r e e surface and the flow of a compressible gas may be ob ta ined by 
s e t t i n g up the energy equa t ions for the two f lows. 
For water* the energy equa t ion g i v e s 
V2 = 2g(d r t-d) and 
max f & o 
In a ga s t he energy equat ion g ives 
^ 2 Z 2&% ( T 0 -
T ) and 
Vmax = / 2 g c A 
3y equat ing the r a t i o of J for water to the r a t i o of X- f ° r 
T 
gas i t i s seen t h a t max 
dQ - d TQ - T 
or 
O 0 
i- - JL 
do *o 
It is seen, therefore, that the ratio of the water depth corresponds 
to the ratio of the gas temperatures. 
7 
By a comparison of the equations of continuity for the gas and the 
l iquid a further condition for the analogy may he derived. 
The continuity equation for water i s 
3jM)+ £l2& z 0 
&x d y 
For the two dimensional gas flow the equation of continuity i s 
$bU4*dkJL = o 
d x tfy 
I t i s seen that the continuity equations of the two flows have the 
same form, and from the two equations a further condition for the analo-
gy may he derived 
JL* t 
a0 "TT 
This re la t ionship shows that the r a t i o of the loca l density (* to 
stagnation d e n s i t y ^ i s analogous to the r a t io of the local depth d to 
the stagnation depth d « I t i s assumed that the flow i s steady and two 
dimensional. For the l iquid flow i t i s assumed that the flow i e steady 
and "bounded by a free surface on the top and a f l a t surface on the hot torn, 
and that the l iquid i s incompressible^ 
I t has he en shown that the water depth i s analogous both to the 
mass density of the gas and to the temperature of the gas . These relat ion-
ships can only exis t i f an assumption i s made i n regards to the nature of 
the gas . The analogy requires that for the compressible gas, T - 2 . This 
re la t ionship i s shown as follows: 




Since the h y d r a u l i c analogy r e q u i r e s t ha t * » jfc and T - d_ i t i s 
X 5 do To do 
obvious t h a t d - ( & )*w and the equat ion i s s a t i s f i e d only when f - ' 
o o 
From the a d i a b a t i c r e l a t i o n 
» = < £ ) ! r 
Po ?o 
i t i s seen t h a t , s ince 0=2, 
£ - ( i ) 2 
p - d 
*o o 
The d i f f e r e n t i a l equat ion fo r the v e l o c i t y p o t e n t i a l of the wate r 
lZ>-fi)+l,<>-g>^&-<> 
The d i f f e r e n t i a l equat ion for the v e l o c i t y p o t e n t i a l of a two 
dimensional compressible gas flow i s 
6 (i-4?)+d> (l-£)-24 £d = o YKX V a? ' iyr <xz/ cwI^ 
The two equa t ions become i d e n t i c a l when gd - a^ 
2 g a 0
_ 2ghQ 
That the v e l o c i t y J gd i s the v e l o c i t y of p ropaga t ion of surface 
waves (small d i s t u rbances ) i n shallow water may be shown as fo l lows : 
2 
Page g i v e s the fol lowing equat ion for the v e l o c i t y of water 
waves under the a c t i o n of g r a v i t y and surface t ens ion : 
k V.I? g X X 2][<ntajih 2 7T d- 7 
tlzjr T fW A J 
Inspection of the equation shows that as wave length becomes 
great in comparison with the water depth ( i.e. d _^.0, tanh 2 Tt d 27*d) 
X X A 
2 
Page, Leigh, I n t r o d u c t i o n to Theore t i ca l P h y s i c s . New York: 
D. Van No s t rand Co. I n c . , 1935, p.250 
9 
and i f the surface t ens ion i s equal to zero , the wave v e l o c i t y 1)6001068 
Vr/fJ 
Since the v e l o c i t y of sound, a, i s the v e l o c i t y a t which small 
d i s t u r b a n c e s are propagated i n ges flow, the r a t i o V f o r t he shallow 
m 
water flow i s analogous to the Mach number V i n the gag f low. 
a 
The local Mach numbers about the model are determined from 
v [ ; ( d ° : d* }1* 
which i s obta ined by s u b s t i t u t i n g the equat ion fo r the l o c a l v e l o c i t y 
i n the express ion fo r Mach number* 
The p r e s s u r e c o e f f i c i e n t fo r the water flow may be determined 
a s fo l lows : 
For a compressible gas^ 
When the analogous r e l a t i o n s h i p s fo r water a r e s u b s t i t u t e d i n the 
equat ion for the p r e s s u r e c o e f f i c i e n t the r e s u l t i n g equat ion i s 
P - F 
" c 
3 
O r l i n , James , , Norman J .L inde r and Jack G. B i t t e r l y , "Appl ica t ion 
of the Analogy Between Water Flow wi th a Free Surface and Two-Dimensional 














For a compressible gas the compressibility factor i s 
1 
c 
= rT^[ ft*V--.,)* -1] 
Since the hydraulic analogy requires that # - 2 the compressibility 
factor for the water flow i s 
*« = i + i M 2 
C I s 
I t may "be noticed that no theory has been presented concerning 
shock waves or supersonic flow. 
In the hydraulic analogy a compressible shock in the gas i s 
analogous to a hydraulic jump in the water flow. The hydraulic jump 
may he defined as an unsteady motion in which the veloci ty of flow may 
strongly decrease for short dis tances, and the water depth suddenly 
increase. Hydraulic jumps occur in water whose velocity of flow 
i s greater than the wave propagation veloci ty . Preiswerk developed 
the re la t ionships between conditions in front of the shock wave and 
behind the shock wave for the hydraulic analogy. In developing the 
theory the assumption i s made that the water motion i s en t i re ly unsteady 
which indica tes that the water jumps suddenly along a l i n e from the lower 
water l eve l to the level af ter the jump. The assumptions or ig ina l ly 
made are also carried through the discussion of the shock wave analogy. 
For the water flow without a jump the energy equation holds 
V2= 2g(d0" d) 
where d the total head ie a constant. After a hydraulic jump has taken 
o 
place the to ta l head d i s smaller than d , since par t of the k ine t i c 
°2 °1 
4LoC. Glt» 
energy of the xvater i s converted into heat, and i s t reated as l o s t energy, 
For the flow af ter the jump the energy equation again applies and now "be-
comes 
2 
f9 = 23(4 - d) 
2 o2 
To solve th i s equation for d , the new to ta l head, use i s made of the 
°2 
shock polar diagram to determine V , the water velocity behind the shock 
wave. 
The equation for the shock polar for the hydraulic analogy is 
vA/a.-uJfc-u, «/(3,;:^3^~] 
By varying the parameter r̂ " a n d solving for v2
 i n terms of ~ a 
family of curves will r e s u l t . The curves are similar to the shock 
polars of an idea l gas, "but they show one charac te r i s t i c difference. For 
the maximum veloci ty "both cases "become c i r c l e s . However, for water 
the c i rc le passes through the or igin while for a perfect gas the c i rc le 
does not pass through the or ig in . The shock polars for water were con-
structed for the speeds investigated in t h i s t hes i s find are presented 
in Figures 5 anu 6. 
In Figure 7 shock polars are drawn for a i r and for water for the 
same i n i t i a l flow conditions. I t may "be seen that for continually de-
creasing shocks the polars approach each other. 
The energy loss in the flow with hydraulic jumps i s developed 
to he 
4 e = I-K 
~*n 
This i s the r e l a t i ve energy converted into heat . However, for gas the 
r i s e in heat during the shock i s not l o s t energy since the to ta l heat 
12 
content remains the game before and after the shock. Curves of constant 
energy for water flow are presented by Preiswerk. From the carves it 
may "be seen that the energy loss is small over a large region. For the 
velocities investigated in this thesis the relative loss is less than 
one per cent. Because of this small shock loss the analogy between the 
two types of flow is still satisfied, 
By employing the shock polar diagrams and the equations given 
by Preiswerk conditions across a shock wave may be determined* 
The various quantities which may be obtained from a shock polar 
diagram are illustrated in Figure 7, No further explanation will be 
given, since the theory and development of shock polar diagrams is well 
covered in appropriate textbooks* 
A summary of the analogous relationships is given below. 
Two-Dimensional 
compressible gas flow 
r=2 
Incompressible liquid flow 
(water) 
Temperature Eatio, T, 
*o 
Densi ty r a t i o , £ . 
?o 
P r e s s u r e r a t i o , p 
Ve loc i ty of sound, a = / p V 
fa 
Mach number, V 
a 
Shock wave 
Water depth r a t i o , d 
d o 
Water depth r a t i o , d 
O r 
Square of wa te r -dep th r a d i o / d } 
o 
Wave: v e l o c i t y , J g d 
Mach number V 
/fr 
Hydraul ic jump 
Liepmann, Hans Wolfgang, and Al len E. P u c k e t t , I n t r o d u c t i o n to 
Aerodynamics of a Compressible Fluid.(New York: John Wiley and Sons, I n c . , 
1 W p. 53) ' 
EQUIPMENT 
13 
In designing the equipment for conducting experiments with the hydrau-
l i c analogy, two methods of approach were avai lable . These methods were: 
(1) The model was to remain stat ionary with the water flowing past 
the model, 
(2) The water was to remain stat ionary with the model moving through 
the water. 
The f i r s t type of channel would necessari ly "be the more elaborate, 
and therefore, the more expensive. I t would "be d i f f i cu l t to change Mach 
number or to have decelerating flow or accelerat ing flox*, The presence of 
a "boundary layer on the bottom and sides of the channel would further com-
p l i c a t e a channel of the f i r s t type. However, with the model remaining 
stationary i t would be easy to measure the water depth ahout the model, 
which i s very important in the hydraulic analogy. 
A channel of the second type r e s u l t s in an easy measurement of 
speed and accelerat ion, and therefore, Mach number. The big disadvant-
age of t h i s type of channel i s the d i f f icu l ty of measuring the water depth 
about the model, since the model moves r e l a t ive to the channel. 
Taking al] factors into consideration, i t was decided to construct 
a channel of the second type, Figure 1. 
The water channel frame work was made of s t ruc tura l s teel bolted 
together. The channel i s four feet wide and twenty feet long. The 
channel bottom i s p la te g lass one quarter of an inch thick in two five 
foot sections and one ten foot section. The ten foot section of g lass 
i s located a t the " tes t" end of the channel. The g lass bottom i s sup-
ported by transverse members at t h i r t y inch i n t e rva l s . The purpose of 
Ik 
the glass "bottom i s to provide a smooth surface for the models to s l ide upon, 
and to provide for a method of photographing the flow of water about the 
models. The channel "bottom was maintained to a level of ,01 inch "by a 
screw-jack type device on each of the channel' 8 supporting l egs . The ac-
curacy of the channel "bottom level was determined "by using a surveyor' s 
t r a n s i t . 
A drain i s provided at one end of the channel, 
The model carriage i s made of s teel tubing welded together, and 
t rave l s the en t i re length of the channel on a track which i s located along 
each side of the channel, Figure 2„ The carriage t rave ls on four rubber-
t i r ed , "ball "bearing wheels. Pour additional wheels r e s t r a in the carriage 
in a horizontal plane. Safety stops are provided on the carriage track 
to prevent the carriage and model from running off e i ther end of the chan-
ne l . 
The carriage i s driven by a revers ib le , d i rec t current motor through 
a set of reduction gears and a continuous cable. The motor i s rated a t 
19.5 amperes, 2k v o l t s , A d i rec t current motor i s used to provide a high 
s ta r t ing torque in order to quickly accelerate the carriage to the desired 
speed. The driving cable i s 3/32 inch diameter conventional a i r c r a f t 
s teel cable. The cable goes one end one-half times around the driving 
pulley, and i s rigged with about twenty pounds tension. The speed of the 
carriage drive motor i s controlled by a 6.7 amperes, 18 ohm rheos ta t . The 
rheostat has a cal ibrated dial with se t t ings to give carriage speeds from 
one to ten feet per second. By proper operation of the rheostat the car-
riage may be run a t increasing, decreasing, or constant speeds. After 
15 
<experimenting with the water channel i t was observed that the direct cur-
rent motor did not resu l t in constant carriage speeds "below a speed of 
one foot per second. Consequently, a "Speed-Ranger" constant speed 
device powered by one-quarter horse power, three phase, a l te rna t ing 
current, motor was i n s t a l l ed . The "Speed-Ranger" device resulted in 
carriage speeds over the range of from .50 feet per second up to one foot 
per second. The "Speed-Ranger" speed control serves as an a l t e rna t e 
drive device since the d i rec t current motor was found to "be more convenient 
for high speed runs, and for accelerat ing or decelerating runs. A photo-
graph of the drive mechanises i s shown ir. Figure 3. 
An obse rva t i on p la t form i s loca ted a t the channel t e s t s e c t i o n . 
Mounted on the platform i s a control panel which Includes a l l switches 
and controls for operating the water channel. The control panel and 
observation platform are so set up that only one person i s required to 
operate the water channel during a tes t ing program. Included on the 
platform are mounts for the cameras used to photograph the water flow 
about the models. 
The arrangement of the equipment for photographing the flow about 
the models i s shown schematically in Figure 4. Two cameras are used to 
obtain the flow photographs. One camera, mounted on the platform f loor , 
photographs the loca l water depth about the models, while the second camera, 
mounted on a "boom extending out over the channel, photographs the wave 
formation caused "by the models. 
As seen in Figure ht the camera used to photograph the flow about 
the models in the horizontal plane projec ts through a diffusion screen 
located approximately four feet above the water surface. A second diffu-
sion screen i s located immediately under the g lass in the area to be 
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photographed. The l ight ing arrangement consists of a boom spotlight 
directed on the model from above and to the rear of the model, and a 
large spotl ight directed on the diffusion screen above the t e s t section, 
Four flood l i g h t s i l luminate a cellotex screen located on the f loor be-
neath the channel. The four flood l i g h t s resu l t i n an even l igh t ing 
effect over the t e s t area, 
The spot l ights resu l t in the wave formations casting shadows on 
the screen d i rec t ly under the g lass , and these shadows are then photo-
graphed, An Eastman Medalist Camera with a se t t ing of one four-hundredth 
of a second at f: 7,5 lens opening i s used to photograph the wave forma-
t ions . The camera shutter was tripped e l ec t r i ca l ly a t the correct time 
by a cam device, mounted on the model carriage, act ivat ing a micro switch 
located on the channel t rack. The r e su l t s of using the photographic tech-
nique here described are en t i re ly sa t is factory , 
From the development of the theory of the hydraulic analogy i t may 
be seen that the water depth d i s t r ibu t ion about the model i s very import-
ant i f a quant i ta t ive analysis of the flow i s to be made. To determine 
the water depth about the model, a Speed Graphic camera i s used to photo-
graph the water depth d is t r ibu t ion in the ve r t i ca l plane. The camera i s 
mounted on the platform above the water leve l to insure no in terferrence 
from waves between the model and the camera. The model i s illuminated 
by a 500 watt s l ide projector . The projector i s so masked that at the 
time the camera i s tripped only the model i s i l luminated. This feature 
was found necessary because any extensive side l igh t ing in te r fe r red with 
the horizontal flow photographs. The camera i s tripped by the same switch 
and cam arrangement that operates the overhead camera. The best camera 
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petting was found to be one four-hundredths of a second a t fj 3»? lens 
opening* 
The a i r f o i l s chosen for tes t ing in the water channel are 5, A, C. A. 
a i r f o i l s developed by the National Advisory Comitdttee for Aeronautics, hav-
1 
ing the following designations: 
(1) NACA 2S-(50) (03)-(50) (03) c i rcular arc a i r f o i l 
(2) NACA lS-(30) (03M30) (03) diamond a i r f o i l , 
The designation of the c i rcular arc a i r fo i l indica tes that the maximum 
thickness of both the upper and lower surface i s located at the f i f ty per-
cent chord point , and that the maximum thickness i s six percent of the 
chord length. The designation of the diamond shaped a i r f o i l shows that 
the maximum thickness of the upper and lower surface i s located a t the 
t h i r t y percent chord point , and that the tota l thickness i s six percent 
of the chord. These pa r t i cu la r a i r f o i l s were chosen because they are 
basic supersonic a i r f o i l s , 
The a i r f o i l models are made of wood. Each model has a twelve inch 
chord. The models are painted a f l a t white on the bottom and sides while 
the top i s painted a f l a t black. This paint scheme ifas selected to pro-
vide good photographic proper t ies for the flow p ic tu res . A single black 
l i n e was ruled on each side of the models from the leading edge to the 
t r a i l i n g edge. The l i n e i s used as a reference l i n e in the determination 
of the water depth about the models, since the water depth i s scaled from 
photographs of the flow in the ve r t i ca l plane. Figure 8 and Figure 9 show 
the model dimensions. 
Lindsey, W.F., Bernard N. Daley, smd Milton D, Humphreys, "The 
Flow and Force Character is t ics of Supersonic Air fo i l s at High Subsonics Speeds." 
U. S. National Advisory Committee for Aeronautics Teclinical Note.No. 1211. 
19^7. P . 3 . 
18 
Since the h y d r a u l i c analogy a p p l i e s only to two dimensional flow 
,the a i r f o i l models a c t u a l l y s l i d e on the g l a s s "bottom of the channel to 
cause the r equ i red flow, The models a r e a t t ached to the c a r r i a g e by 
a l i n k a g e a s shown i n F igure 2 . 
The angle of a t t a c k of the models i s determined by p o s i t i o n i n g 
the l e ad ing edge and the t r a i l i n g edge i n r e l a t i o n to t h e channel s i d e s , 
To f a c i l i t a t e the s e t t i n g of each angle of a t t a c k a c a l i b r a t i o n curve 
was drawn g iv ing the d i s t a n c e s of the l e ad ing edge and t r a i l i n g edge 
from the channel s i de s for each d e s i r e d ang l e . This curve i s p r e sen t ed 
i n H g u r e 10. 
R̂OCEDUBE 
The procedure for model t e s t i n g i n the water channel cons i s t ed of 
running the two-dimensional a i r f o i l models through the water i n the chan-
nel a t predetermined speeds . The water depth for a l l t e s t s was one 
q u a r t e r of an inch whi le the angle of a t t a c k of the models i n each case 
was zero deg ree s . The time for the c a r r i a g e and model to move a c r o s s 
the t e s t s e c t i o n was recorded by an e l e c t r i c t iming clock which was 
s t a r t e d by a cam device on t h e model c a r r i a g e a c t u a t i n g a micro-swi tch 
l oca t ed on the c a r r i a g e t r a c k . At the end of the t h r e e foo t run the cam 
r e l e a s e d the micro-swi tch and stopped the c lock . The model v e l o c i t y 
could then be c a l c u l a t e d . 
Simultaneous p i c t u r e s were taken of the wave format ions set up 
by each model and of the l o c a l water depth d i s t r i b u t i o n about the models. 
A complete d i s cus s ion of photographic technique involved i s inc luded i n 
the p rev ious chapter on equipment. 
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DISCUSSION 
Before the h y d r a u l i c analogy may be appl ied to the i n v e s t i g a t i o n 
of problems of compressible f low, the flow p i c t u r e s must be p r o p e r l y 
i n t e r p r e t e d . 
From an i n s p e c t i o n of the flow photographs i n the h o r i z o n t a l 
p l ane a s e r i e s of a l t e r n a t i n g l y dark and l i g h t bands of decreas ing i n -
t e n s i t y may be seen s t a r t i n g a t the l e ad ing e&^e and t r a i l i n g edge of 
each model, A s imi l a r condi t ion a l so e x i s t s a t the s ec t i on of maxi-
mum th i cknes s of t h e diamond shaped a i r f o i l , The problem immediately 
a r i s e s as to which p a r t of the p a t t e r n d i r e c t l y a p p l i e s to the h y d r a u l i c 
analogy ? Of major importance i s the de te rmina t ion of t h a t p a r t of the 
flow p a t t e r n which r e p r e s e n t s a h y d r a u l i c jump or shock wave. Waves on 
the water sur face a c t a s l e n s e s i n t h a t they d i v e r t the l i g h t r ays i n 
the d i r e c t i o n of i n c r e a s i n g water depth . Therefore , the sharp b r i g h t 
l i n e s r ep re sen t t h a t p a r t of each wave or r i p p l e which has the maximum 
convex cu rva tu re . The dark a r e a preceding the sharp whi te l i n e s r e p -
r e s e n t s the remainder of each wave. I t may be then concluded t ha t a shock 
wave i s recorded on t h e photographs as a white l i n e preceded by a dark 
a r e a , 
In a d d i t i o n t o , and i n f r o n t of, the shock waves the flow pho to -
graphs show r i p p l e s o r c a o i l l a r y waves. The c a p i l l a r y waves a re not 
p a r t of the h y d r a u l i c analogy s ince they a r e pu re ly water waves and de-
pend p r i m a r i l y on the surface t ens ion of the l i q u i d . F igure 11 shows 
the r e l a t i o n of wave propagat ion v e l o c i t y to wave l e n g t h fo r a water 
depth of one q u a r t e r of an i n c h . Dis turbances of wave l e n g t h s l e s s than 
t h a t corresponding to the minimum wave 've loc i ty a r e c a p i l l a r y waves. 
The refract ion pat tern formed by a hydraulic jump and capi l lary 
waves are shown in Figure 12. From these pa t te rns a qua l i ta t ive study 
of the photographs may he made. 
I t was found "by North American Aviation Incorporated that expan-
sion waves in a water channel do not agree with the theory of the hydrau-
l i c analogy, but ra ther tend to travel a t a constant speed not dependent 
on the s t a t i c water depth, or the model speed. This fact i s "borne out 
by an examination of the diamond a i r f o i l flow photographs in the horizon-
t a l plane. At the point of maximum thickness where an expansion takes 
place there i s no def in i te or consistent pat tern to indicate an expansion 
wave. However, from the photographs showing the water depth d i s t r ibu -
t ion about the diamond a i r fo i l a def in i te level drop may be seen a t the 
change in section, Prom the side photographs, then, an expansion wave 
may be detected. 
A comparison was made between the shock wave angles obtained by 
measurement from the flow pic tures and the shock wave angle as obtained 
from the shock polars for each speed invest igated, A further comparison 
was made with the r e su l t s obtained by using the shock wave charts pre-
2 
sented by Lai tone. The r e su l t s are given in Figures 25 and 26. I t 
may be seen that the three methods of obtaining the shock wave angles 
for a given free stream Mach number and semi-wedge angle agree very 
closely. This close agreement indica tes that the applicat ion of the 
Bruman, J .R. , "Application of the Water Channel Compressible Gas 
Analogy." North American Aviation Incorporated Engineering Reoort, Ho. 
H&-47-87, 1957. ' 
Lai tone, E.V., "Exact and Approximate Solutions of Two-Dimensional 
Oblique Shock Flow." Journal of the Aeronautical Sciences, Vol. 14, Bb.l, 
January, 194?, pp. 25-^1. 
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hydraulic analogy i s a useful tool i n the study of shock wave formation. 
« To insure no d is tor t ion as a r e su l t of enlarging the flow p ic tu res , 
a comparison was made "between contact p r i n t s of each wave and enlargements 
of the same wave formation. No d is tor t ion , as a resu l t of enlargement, 
was noted. 
Curves showing the var ia t ion of local Mach number about the a i r f o i l 
models are presented i n Figure 27 and Figure 28. The local Mach number 
var ia t ion for each model was calculated from the M* equation^. I t may be 
observed that the local Mach numDer i s a function of the to ta l head and 
the local water depth. Since the to ta l head consists of a veloci ty 
head and a s t a t i c head the shock polar diagrams were employed to find the 
water velocity "behind the shock wave, and the s t a t i c head was determined 
from the side photographs. The s t a t i c head was taken as that water depth 
where the water l i ne on the model was horizontal . The local water depth 
was obtained "by measurement from the side photographs. 
Airfoil theory predic ts that for a diamond a i r f o i l in a supersonic 
flow a t zero degrees angle of at tack the local Mach number remains con-
stant over the forward pa r t of the a i r fo i l up to the point of maximum 
thickness, at which time i t increases abruptly to a new value. From 
the curves of local Mach number d i s t r ibu t ion for the diamond a i r f o i l i t 
may be seen that the local Mach number i s not constant over the forward 
t h i r t y percent of the a i r f o i l chord, but goes to r e l a t i ve high values 
a t the leading edge. The curve does not change abruptly a t the point of 




=£rom the lower value to the high value as the expansion takes place. 
The local Mach number then "becomes constant over the remainder of the 
a i r f o i l . 
The high values of the Mach numbers at the leading edge may "be 
explained since in the development of the hydraulic analogy i t was as-
sumed that the hydraulic jump took place along a single l i n e , and the 
water depth changed abruptly along that l i n e . Actually, these conditions 
did not r ea l i ze since the hydraulic jump required a f i n i t e distance 
r e l a t ive to t i e a i r f o i l in which to form. I t therefore appears that 
the hydraulic analogy wi l l not give the correct local Mach number d i s -
t r ibut ion immediately following the leading edge for the diamond a i r f o i l . 
For the c i rcular arc a i r f o i l an en t i re ly different trend of the 
local Mach number curve may be observed. As for the diamond a i r f o i l , 
the local Mach number goes to a r e l a t ive high value a t the leading edge. 
After the minimum value i s at tained the local Mach number increases 
over the en t i re chord length. This d i s t r ibu t ion of local Mach number 
i s i n agreement with theory. 
An attempt was made to p lo t the local Mach number d i s t r ibu t ion 
about the models over the range of free stream Mach numbers from .75 
to .90. At these slow speeds the meniscus effect resulted in an e r r a t i c 
water depth d is t r ibut ion about the models, and as a resu l t no dependable 
data was obtained from the side photographs. After th is condition was 
noticed the models were waxed and polished to reduce the surface rough-
ness. No marked improvement in the water depth d i s t r ibu t ion was 
noted. I t would seem, then, th&t for slow speed t e s t s deeper water 
should be used to reduce the r e l a t ive magnitude of the meniscus effect . 
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*COHCLUSIOHS 
(1) The hydraulic analogy offers a r e l a t i ve ly inexpensive meth-
od of conducting research in supersonics, 
(2) The water channel i s especially suited for c lass room dem-
onstrat ion of shock wave phenomena. The ref lec t ion of shock waves 
from the channel walls , and the in te rsec t ion of shock waves may "be 
observed as well as the shock waves formed by various shapes. 
(3) With a more a c c u r a t e method of depth measurement more quan-
t i t a t i v e da t a may be ob ta ined , 
(k) The de te rmina t ion of shock wave ang les from the flow pho to -
graphs for t h e a i r f o i l s t e s t e d ag rees very c l o s e l y wi th r e s u l t s o b t a i n -
ed by a p p l i c a t i o n of t h e o r e t i c a l methods* 
(5) The r e l a t i v e va lue of the l o c a l Mach number d i s t r i b u t i o n 
about the a i r f o i l s t e s t e d agree wi th t heo ry . 
(b) Accura te q u a n t i t a t i v e r e s u l t s w i l l not be ob ta ined when 
the h y d r a u l i c analogy i s app l i ed to t h e study of a i r flow because the 
water flow i s analogous to a gas flow wi th - 2 , whereas fo r a i r S Ijfc, 
. 
RECOMMESTMIONS 
( l ) With the p r e s e n t e x c e l l e n t d r i ve mechanism i n s t a l l e d , ve ry 
a c c u r a t e model speed i s a s s u r e d . However, the d r i v e device t r a n s m i t s 
a c e r t a i n amount of v i b r a t i o n to the model which compl ica tes the flow 
photographs by s e t t i n g up excess ive secondary r i p p l e s . To o f f s e t t h i s 
o b j e c t i o n a b l e v i b r a t i o n the model support l i n k a g e should be s t i f f e n e d . 
The model i t s e l f should be made heav ie r to h e l p reduce v i b r a t i o n . 
(2) U!he use of fresh water in the water channel r e su l t s in 
the hydraulic Jump inducing a great number of r ipples ahead of i t -
self which has no par t in the hydraulic analogy. By allowing the 
water to remain in the channel over a period of twenty four to forty 
eight hours r e su l t s in clearer wave photographs, 
(3) By further experimentation with the photographic technique 
the present large amount of equipment involved could be eliminated 
except for the underwater l i g h t s , and the screen res t ing on the f loor . 
(*4-) The sides of the model should he wet "before each run 
to r e su l t in constant meniscus effect, 
(5) For t e s t speeds of l e s s than Mach numher a water depth 
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GENERAL VIEW OF WATER CHANNEL 
FIGURE 2 
GENERAL VIEW OF WATER CHANNEL 
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SCHEMATIC DIAGRAM OF WATER CHANNEL AND LIGHTING EQUIPTMENT 
FIGURE 5 
SHOCK POLAR DIAGRAMS FOR 
DIAMOND AIRFOIL TEST SPEEDS 
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FIGURE 6 
SHOCK POLAR DIAGRAMS FOR 
CIRCULAR ARC AIRFOIL TEST SPEEDS 
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FIGURE 7 
SHOCK POLAR DIAGRAM 
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 ;i : 
.4 .6 1.0 1.2 1.4 1.6 1.8 
-DRILL f^(.3/25) 
OEPTH > , ? HOLE: 
-**<X>z.o*i 
' 1 
^ Z" - - ' a 
: 
i / / / - / / 
•«» • 
- -<?/ tfAT££ C/J4/v/J<EL 7-£ST/A/<$ 
£/D-3Z{ 
ONAUTtCS 
,A S C M O O L O F TLCHNOLOGV 
FIGURE 8 
DIAMOND AIRFOIL MODEL 
- De/LL £(.37S) 
Z^.OO 
±GGI 






.£. < 0&£ 




2. £ 302. 
# . j •3Z5 
* • * •34* 
&4 45* 
<Z-n 'MCA 




c & •3S& 
7>Z 34& 







/ zo a 
I 
LEAD/MG EDG£ &AD:uS =Q 
C/&COLA&. /)JSC &AD<U3 = 4-1. 14-4-' 
frt 
tjA rc+t 
/ / / - / / 
AVZZ. Z/.Q.:uLA& A/SC A(&jr<3/ £-
• 
icoi .A s<: 
.*tte 
FIGURE 9 
CIRCULAR ARC AIRFOIL MODEL 
FIGURE 10 
MODEL AIRFOIL ANGLE OF ATTACK CALIFRATION CURVE 
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DISTANCE FROM CHANNEL SIDE TO LEADING EDGE AND TRAILING 
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